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CURVATURE STABILIZED SKYRMIONS WITH ANGULAR
MOMENTUM
CHRISTOF MELCHER AND ZISIS N. SAKELLARIS
Abstract. We examine skyrmionic field configurations on a spherical fer-
romagnet with large normal anisotropy. Exploiting variational concepts of
angular momentum we find a new family of localized solutions to the Landau-
Lifshitz equation that are topologically distinct from the ground state and
not equivariant. Significantly, we observe an emergent spin-orbit coupling on
the level of magnetization dynamics in a simple system without individual
rotational invariance in spin and coordinate space.
1. Introduction
We consider a spherical ferromagnet with perpendicular anisotropy described by
magnetization fields m : S2 → S2 governed by the energy
(1) E(m) =
1
2
∫
S2
[
gαβ
∂m
∂xα
∂m
∂xβ
+ κ
(
1− (m · ν)2
)]
dσ
where ν is the outer unit normal field to the 2-sphere S2 and κ > 0 is an anisotropy
parameter. The energy is frame indifferent, i.e., we have invarianceE(mR) = E(m)
under joint rotations
(2) mR(y) = Rm(R
−1y)
for all R ∈ SO(3) and y ∈ S2. Due to the link between anisotropy and curvature,
however, there is no invariance with respect to individual rotations in spin and
coordinate space, in contrast to conventional sigma or Skyrme models [1, 9, 18, 20].
The reduced symmetry has a stabilizing effect on localized solitonic structures [15]
in analogy with chiral skyrmions in magnetic systems without inversion symmetry
[2, 4, 21]. The topological classification of such field configurations m is based
on the topological charge or skyrmion number Q(m) ∈ Z. For sufficiently regular
m : S2 → S2, it is given by
(3) Q(m) =
1
4π
∫
S2
m∗ωS2
where ωS2 is the standard volume form on S
2 and m∗ωS2 its pull back by m. For
sufficiently large κ the ground state is the hedgehog m = ±ν as recently proven
in [7]. While ground states belong to topological classes with Q = ±1, skyrmionic
solutions with Q = 0 emerge as excited states for large κ even without the aid of
chirality inducing spin-orbit terms [15]. As κ→∞ such local minima subconverge
in measure to a hedgehog while accumulating topological charge at a point on S2,
the skyrmion center. One intention of this letter is to give a rigorous variational
footing to this observation based on the attainment of
inf{E(m) :m ∈ H1(S2; S2) with Q(m) = 0} < 8π
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for arbitrary large κ, where H1(S2; S2) is the energy space based on the usual
Sobolev space H1(S2;R3). The strict energy bound (Lemma 7) in the spirit of
[5] expresses stability in the sense that collapsing part of the topological charge is
energetically unfavorable. Such local energy minimizers are static solutions of the
governing Landau-Lifshitz equation
(4) ∂tm =m× [∆S2m+ κ(m · ν)ν]
where ∆S2 denotes the Laplace-Beltrami operator. Aiming at a more general class
of time periodic solutions of (4) it is customary to take into account a further vari-
ational constraint or interaction term in form of a conserved functional that may
be identified with a form of angular momentum [10, 13, 14, 23, 24, 26]. The an-
gular momentum decomposes into a spin and orbital part accounting for rotation
in spin and coordinate space, respectively. Their possible interplay is tradition-
ally discussed in the presence of magnetostatic interactions and more recently in
the presence of chiral interactions [25]. On the level of reduced rotational invari-
ance, both situations are comparable with the present system. Rigorous existence
results to date address the spatially co-rotational case of dynamically stabilized
magnetic bubbles with coherently precessing spins [11]. In this letter we focus on
joint rotations and configurations of reduced rotational symmetry. We introduce
the following notion of angular momentum on S2
(5) J(m) = S(m) +L(m) ∈ R3
decomposing into spin angular momentum
(6) S(m) =
∫
S2
m dσ
averagingm with respect to the surface measure, and orbital angular momentum
(7) L(m) =
∫
S2
ν (m∗ωS2)
averaging the outer unit normal ν with respect to the topological charge distribution
of m. With an appropriate form of Poisson bracket (15), the vectorial components
of the individual momenta feature the usual commutation relations
(8) {Si, Sj} = ǫijkSk and {Li, Lj} = ǫijkLk.
While J is a conserved quantity of (4), S and L are not individually conserved
as a consequence of the lack of individual rotational invariance of E. In fact,
spin and orbital angular momenta are generators of spin and coordinate rotations,
respectively,
(9) {m, S3} = eˆ3 ×m and {m, L3} = −
∂m
∂χ
where ∂∂χ = x×∇x is the angular derivative around the eˆ3 axis and x ∈ R
2 a stere-
ographic coordinate centered at the poles. This motivates a variational approach
to skyrmionic solutions m(·, t) = mR(νt) performing a joint rotation in spin and
coordinate space for some angle velocity ν. Profiles m =m(x) with J(m) = J0eˆ3
of such spinning solutions may be obtained via a constrained variational principle
(10) inf{E(m) :m ∈ H1(S2; S2) with Q(m) = 0 and J(m) = J0}
with ν appearing as Langrange multiplier. Our chief result is a proof of attainment.
Theorem. For every κ > 0 there exists ε > 0 such that if J0 ∈ R
3 satisfies the
bounds 4π < |J0| < 4π + ε, then (10) is attained by a smooth field m : S
2 → S2
with E(m) < 8π which is not equivariant. Moreover, m is the profile of a jointly
rotating solution of the Landau-Lifshitz equation (4).
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Equivariant fields m possess, by definition, a rotation axis such that mR = m
for all R ∈ SO(3) in the stabilizer of this axis. The value |J | = 4π is critical in
the sense that it is assumed by all equivariant fields of degree Q = 0 (Lemma 5),
which are precisely the critical fields of J in this topological class. The angular mo-
mentum therefore serves as a measure of rotational symmetry, and fields of interest
necessarily exhibit reduced rotational symmetry. Examining second variations of
J (Lemma 6), we shall show that elliptical distortions of equivariant fields near
the energy minimum strictly increase the size of angular momentum. As usual
[5, 9, 18, 21] the key to existence is an energy estimate (Lemma 7) that yields
compactness of suitable minimizing sequences.
An important open problem is to understand how minimal energies depend on
the size of the angular momentum in order to estimate the rotation frequency ν
and to ascertain the obtained solution to the Landau-Lifshitz equation is non-static.
This is of course closely related to the notoriously difficult problem of proving sym-
metry of minimizing skyrmions. Carrying out a similar analysis for chiral skyrmions
in the non-compact space R2 as in [21] is substantially more challenging since the
orbital angular momentum functional based on the second moment of the topo-
logical charge density [23] may become unbounded for finite energy configurations.
Another interesting perspective is to examine different forms of dynamic excita-
tion or stabilization of skyrmions combining precession in spin and breathing in
coordinate space as suggested in [25, 27].
2. Notation and preliminaries
Stereographic representation. We equip S2 ⊂ R3 with the orientation given by
the outer unit normal ν. Most arguments are carried out in orientation preserving
stereographic coordinates x ∈ R2 centered at the north pole. Points y ∈ S2 \{−eˆ3}
are parametrized by
(11) Φ(x) = λ(x)
(
x,
1− |x|2
2
)
with conformal factor λ(x) =
2
1 + |x|2
.
The metric tensor and the surface element are given by g(x) = λ2(x)1 and dσ =
λ2(x)dx, respectively, so that the energy (1) may be written
E(m) =
1
2
∫
R2
[
|∇m|2 + κ
(
1− (m · ν)2
)
λ2(x)
]
dx.
Here and in the following we use the same notation for m : S2 → S2 and its pull
back m : R2 → S2 by Φ. By conformal invariance, the exchange or Dirichlet
energy is not distinguishable from the flat case. The skyrmion number (3) may be
expressed in terms of the topological vorticity
(12) ω(m) =m ·
(
∂m
∂x1
×
∂m
∂x2
)
through the identity m∗ωS2 = ω(m)dx1 ∧ dx2 as
Q(m) =
1
4π
∫
R2
ω(m) dx.
The differential form definition of the orbital angular momentum (7) can be turned
into a surface integral in terms of the surface Jacobian Jm ofm, i.e., the Hodge dual
of m∗ωS2 = Jmdσ leading to L(m) =
∫
S2
ν Jm dσ. In stereographic coordinates
(11) the total angular momentum (5) reads
(13) J(m) =
∫
R2
λ2(x)m+Φ(x)ω(m) dx.
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In the last component we obtain in particular
S3(m) =
∫
R2
λ2(x)m3dx
and
(14) L3(m) = 4πQ(m)−
∫
R2
λ(x)|x|2ω(m) dx.
For |x| ≪ 1 the orbital part reduces to the second moment definition from [13, 23].
Landau-Lifshitz equation. Returning to the energy, the variational L2-gradient
with respect to the surface measure on S2 will be denoted by∇E(m) and is defined
by the relation ∫
S2
∇E(m) · φ dσ = δE(m)〈φ〉 =
d
ds
∣∣∣
s=0
E(ms)
for variations ms with ms =m+ sφ+ o(s) with φ ∈ C
∞(S2;R3). Explicitly
∇E(m) = − [∆S2m+ κ(m · ν)ν] ,
where ∆S2 = λ
−2∆x is the Laplace-Beltrami operator. We are interested in static
and dynamic solutions of the Landau-Lifshitz equation
∂tm+m×∇E(m) = 0
which is the abstract form of (4). In the sequel we shall use the Poisson bracket
for functionals F and G given by
(15) {F,G} =
∫
S2
m · [∇F (m)×∇G(m)] dσ.
In the weak formulation {F,G} = −δF (m) 〈m×∇G(m)〉, the evaluation func-
tional F (m) = m may be included, i.e. {m, E} = −m ×∇E(m), giving rise to
the Hamiltonian formulation of the Landau-Lifshitz equation
∂tm = {m, E}.
3. Symmetry and conservation of angular momentum
Lemma 1. The angular momentum is frame indifferent in the sense that
J(mR) = RJ(m) for all R ∈ SO(3).
Proof. In fact, the individual momenta S and L are frame indifferent, which is
obvious for S. Concerning L we may use differential form calculus. In terms of the
orientation preserving transformation T (y) = Ry we have mR = T ◦m ◦ T
−1 and
m∗RωS2 = (T
−1)∗(m∗ωS2) using rotational invariance of ωS2 . With (T
∗ν) = Rν, it
follows that
L(mR) =
∫
S2
ν (T−1)∗(m∗ωS2) =
∫
S2
(T−1)∗ (Rν (m∗ωS2)) = RL(m)
by the invariance property of the form integral. 
Lemma 2. For smooth tangent vector fields φ ⊥m
δS3(m)〈φ〉 =
∫
S2
eˆ3 · φ dσ and δL3(m)〈φ〉 = −
∫
S2
(
m×
∂m
∂χ
)
· φ dσ
where ∂∂χ = x×∇x denotes the angular derivative around eˆ3.
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Proof. We only compute the variation of L3. Taking into account
(16) ∇x(λ(x)|x|
2) = λ2(x)x
we obtain for smooth φ not necessarily tangent
δL3(m)〈φ〉 = −
∫
R2
(
m×
∂m
∂χ
)
· φλ2(x)dx
− 3
∫
R2
λ(x)|x|2
(
∂m
∂x1
×
∂m
∂x2
)
· φ dx,(17)
where the second integral vanishes if φ is tangent to m. 
Expressed in terms of the Poisson bracket (15), spin and orbital angular momenta
are now seen to emerge as generators of spin and space rotations around the eˆ3
axis, respectively, as pointed out in (9). Hence
(18) {m, J3} = eˆ3 ×m−
∂m
∂χ
.
With the notation (2) for joint rotations we are looking for time periodic solutions
of the Landau-Lifshitz equation (4) of the form
(19) m(·, t) =mR(νt) with rotations R(α) = exp(α J)
where Jy = eˆ3 × y. A straight forward calculation taking into account (18) yields:
Lemma 3. For all m : S2 → S2 the following identity holds true
∂
∂t
mR(νt) = ν{m, J3}R(νt).
In particular, if {m, E} = ν{m, J3} then mR(νt) is a solution of (4).
Lemma 4. J(m) is conserved for smooth solutions m =m(t) of (4).
Proof. By frame indifference of the Landau-Lifshitz equation, it suffices to prove
conservation of J3. From (4) we immediately obtain
d
dt
S3(m) =
d
dt
∫
S2
m3 dσ = κ
∫
S2
(m · ν)(m× ν)3 dσ.
Moreover in stereographic coordinates (11)
∇m · (m× ∂tm) = −∇m ·
(
λ−2∆m+ κ(m · ν)ν
)
and taking the curl (∇×) we obtain the conservation law [16]
(20)
∂
∂t
ω(m) = curl
(
κ(m · ν)(∇ν ·m)− λ−2 div(∇m⊗∇m)
)
.
Since Q(m) is conserved we obtain from (20) after integration by parts
d
dt
L3(m) = −
d
dt
∫
R2
λ(x)|x|2ω(m) dx
=
∫
R2
[
κ(m · ν)
(
∂ν
∂χ
·m
)
λ2(x) + J : (∇m⊗∇m)
]
dx
= κ
∫
S2
(m · ν)
(
∂ν
∂χ
·m
)
dσ = −κ
∫
S2
(m · ν)(m× ν)3dσ.
In fact, J = −∇x×x comes about by taking into account (16), and the corresponding
term is dropping out by skew-symmetry. In the last step we used ∂ν∂χ = eˆ3 × ν. It
follows that ddtJ3(m) =
d
dt (S3 + L3)(m) = 0. 
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4. Role of equivariance and elliptic distortion
In the following discussion, frame indifference (Lemma 1) allows us to fix the
canonical rotation axis eˆ3. It is customary to represent the stereographic coordinate
as x = reiχ and the magnetization field as m = (
√
1−m23 e
iϕ,m3) so that
(21) ω(m) =
1
r
(
∂ϕ
∂r
∂m3
∂χ
−
∂m3
∂r
∂ϕ
∂χ
)
.
Magnetic chiral skyrmions have originally been found in the class of co-rotational (or
axisymmetric) fields where m3 = m3(r) and ϕ(χ) = χ+ α for a well-defined phase
shift α depending on the form of antisymmetric exchange interaction [2, 3]. In a
deep ferromagnetic regime such solutions are indeed locally energy minimizing [17].
Precessional Landau-Lifshitz dynamics and angular momentum (5) are rather linked
to the notion of equivariance, which summarizes a wider class of fieldsm : R2 → S2
satisfying mR = m for R ∈ SO(2) ⊂ SO(3). More generally m(x) = R
km(R−1x)
for some k ∈ Z is referred to as k-equivariance. This can also be expressed as
m3 = m3(r) and ϕ(r, χ) = kχ+ α(r).
From (21)
(22) Q(m) =
k
2
(m3(eˆ3)−m3(−eˆ3)) .
Hence k-equivariant fieldsm with Q(m) = 0 are characterized by non-zero polarity
p(m) =
1
2
(m3(eˆ3) +m3(−eˆ3)) .
Lemma 5. For k-equivariant fields m it holds that J1(m) = J2(m) = 0 and
J3(m) = (1 − k)S3(m) + 4πkp(m).
In particular, |J | = 4π|p| for 1-equivariant fields, the stationary points of J3.
Proof. The claim that J1, J2 = 0 follows upon integration in χ. By virtue of (21)
and integration by parts
L3(m) = 4πQ(m) + 2πk
∫ ∞
0
r2λ(r)
∂m3
∂r
dr
= 4π (Q(m) + km3(∞))− 2πk
∫ ∞
0
λ2(r)m3 rdr
which implies the formula for J3 by (22). Finally
∂χm = eˆ3 ×m iff m3 = m3(r) and ϕ(r, χ) = χ+ α(r)
which implies the final claim by virtue of Lemma 2. 
Let us now examine the effect of elliptical distortions.
Lemma 6. Suppose m is equivariant and ms(x) = m(sx1, x2) for s > 0 and
x ∈ R2. Then J1(ms) = J2(ms) = 0 and
d2
ds2
∣∣∣
s=1
J3(ms) = −
1
2
∫
R2
ω(m)|x|2λ2(x) dx.
Since ω(ν) = λ2(x) > 0 for the map ν = ν(Φ(x)), Lemma 5 and 6 imply:
Corollary 1. In the class of almost minimizing co-rotational skyrmions such that
Q(m) = 0, E(m) < 8π and m = ν away from a small spherical cap centered at
the north pole x = 0, J3(ms) has a strict local maximum J3(m) = −4π at s = 1.
In other words, the size of J(ms) has a strict local minimum at s = 1.
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Proof of Lemma 6. The claim that J1, J2 = 0 follows easily from reflection argu-
ments, taking into account Lemma 1. For the claim about J3 we observe that
(writing J = J3)
d2
ds2
∣∣∣
s=1
J(ms) = HessJ(m) 〈m˙, m˙〉 with m˙ =
d
ds
∣∣∣
s=1
ms
where for admissible tangent fields φ ⊥m, the Hessian is given by
Hess J(m)〈φ,φ〉 = δ2J(m)〈φ,φ〉 − δJ(m)〈|φ|2m〉.
From Lemma 2 and taking into account (17) we obtain
δJ(m)〈|φ|2m〉 =
∫
S2
m3|φ|
2dσ − 3
∫
R2
λ(x)|x|2ω(m) |φ|2 dx,
and in turn
δ2J(m)〈φ,φ〉 = −
∫
S2
(
m×
∂φ
∂χ
)
· φ dσ
+ 3
∑
α,β=1,2
ǫαβ
∫
R2
λ(x)|x|2
(
φ×
∂m
∂xβ
)
·
∂φ
∂xα
dx.
Letting φ = m˙ = x1
∂m
∂x1
it follows from
(
∂m
∂x1
×
∂m
∂x2
)
·
∂2m
∂x21
= ω(m)m ·
∂2m
∂x21
= −ω(m)
∣∣∣∣∂m∂x1
∣∣∣∣
2
that the second integrals in δJ and δ2J cancel and
d2
ds2
∣∣∣
s=1
J(ms) = −
∫
R2
x21
((
m×
∂
∂χ
(
∂m
∂x1
))
·
∂m
∂x1
+m3
∣∣∣∣∂m∂x1
∣∣∣∣
2
)
λ2(x)dx.
Since ∂∂χ
(
∂m
∂x1
)
= ∂∂x1
(
∂m
∂χ
)
− ∂m∂x2 and by equivariance
∂m
∂χ = eˆ3 ×m
(
m×
∂
∂χ
(
∂m
∂x1
))
·
∂m
∂x1
= ω(m)−m3
∣∣∣∣∂m∂x1
∣∣∣∣
2
,
the asserted formula for d
2
ds2
∣∣
s=1
J(ms) immediately follows taking into account the
radial symmetry of λ and ω(m). 
5. Energy bounds and attainment
In this section we give a proof of the main Theorem stated in the introduction,
using methods from the calculus of variations. To this end, it is routine to extend
the functionals E, Q and J continuously to the energy space H1(S2; S2), see e.g.
[21]. By Lemma 1 we may assume J0 = J0eˆ3. Once attainment of (10) by a smooth
field is established, the remaining assertions follow from Lemma 5, and from the
Langrange multiplier theorem and Lemma 3, respectively.
Lemma 7. For every κ > 0 there exists a co-rotational field m ∈ H1(S2; S2) with
Q(m) = 0 and E(m) < 8π.
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Moving frame formulation. We shall construct a suitable trial fieldm : R2 → S2
in stereographic coordinates such that m(x) = ν(Φ(x)) for large x. The construc-
tion will be based on a coordinate field u : R2 → S2 that represents m in the
orthogonal frame {τ 1, τ 2,ν} where the τα are the unit coordinate vector fields for
Φ. In this framework the normal anisotropy simplifies to the conventional uniaxial
anisotropy. The exchange energy expands into several parts, which can be con-
veniently determined by virtue of Cartan’s calculus as in [15]. One obtains that
E(m) = E0(u) + E1(u) where
E0(u) =
∫
R2
[
1
2
|∇u|2 +
[
u3(∇ · u)− (u · ∇)u3
]
λ(x) +
κ
2
(1 − u23)λ
2(x)
]
dx
and
E1(u) =
∫
R2
[(
(1− u23)−
(
u×
∂u
∂χ
))
λ(x) +
(
u23 − (x · u)u3
)
λ2(x)
]
dx.
As already observed in [15], E0 is a slight modification of the energy of a chiral mag-
net which interfacial Dzyaloshinskii-Moriya interaction, revealing the stabilizing ef-
fect of curvature of the sphere. Our construction will be based on a co-rotational
Lipschitz map u with anti-conformal core and finite tail, following the argument in
[21].
Sketch of proof of Lemma 7. Taking into account the identity [12, 21]
1
2
|∇Φ|2 =
[
Φ(∇ ·Φ)− (Φ · ∇)Φ
]
3
= λ2
for the stereographic map (11) we set u(x) = Φ−(x/ε) for 0 ≤ |x| ≤ 1 and some
scale ε > 0 depending on κ. Here Φ− is the orientation reversing stereographic map
obtained by reversing the sign of Φ3 with polar profile θ0(r) = π− 2 arctan(r). We
extend u in a co-rotational manner by setting u3 = cos θ where θ(r) = θ0(1/ε)(2−r)
for 1 < r < 2 and zero else. We obtain as in [21]
E0(u) ≤ 4π (1− ε) + oκ(ε)
as ε→ 0. Since 1− u23 = u×
∂u
∂χ , it follows that
E1(u) ≤ 4π + E2(u) where E2(u) = −
∫
R2
(
|x|
(√
1− u23
)
u3
)
λ2(x)dx.
Using that 1 ≤ λ2(x) ≤ 4 for all |x| ≤ 1 we obtain
Ecore2 (u) = 2ε
3
∫
|x|≤1/ε
|x|2(1 − |x|2)
(1 + |x|2)2
λ2(εx)dx
≤ 4πε3
(
4
∫ 1
0
r3(1− r2)
(1 + r2)2
dr +
∫ 1/ε
1
r3(1− r2)
(1 + r2)2
dr
)
= −2πε+ o(ε)
as ε→ 0. Since u3(r) ≥ 0 for 1 ≤ r ≤ 2 and ε sufficiently small we have E
tail
2 (u) ≤ 0.
Hence E0(u) + E1(u) ≤ 8π − 6πε + oκ(ε) as ε → 0, and the estimate follows. By
construction, the mapm = u1τ 1+u2τ 2+u3ν has the same energy. Finally, −eˆ3 is
a regular value ofm, which is attained precisely at the poles near which the map is
smooth and orientation reversing and preserving, respectively. Using a localization
argument as in [16] Proposition 2, Brouwer’s degree formula yields Q(m) = 0. 
The construction interpolates between the hedgehog mapm = ν near the south
pole and and its strongly localized inversion near the north pole. Rescaling u or
following the strategy in [8], the construction may be modified in such a way that
m = ν (i.e. u = eˆ3) away from an arbitrarily small spherical cap. Since the energy
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is continuous in H1(S2; S2), an elliptical distortion in the spirit of Corollary 1 yields
the following extension.
Corollary 2. For every κ > 0 there exists ε > 0 such that if 4π < |J0| < 4π + ε,
then there exists m ∈ H1(S2; S2) with Q(m) = 0, J(m) = J0eˆ3, and E(m) < 8π.
Proof of attainment. Let for an admissible set of parameters
E∗ = inf{E(m) :m ∈ H
1(S2; S2) with Q(m) = 0 and J(m) = J0eˆ3}
and {mn}n∈N ⊂ H
1(S2, S2) be a minimizing sequence with limn→∞E(mn) =
E∗ such that Q(mn) = 0 and J(mn) = J0eˆ3 for all n ∈ N. Then Corollary 2
implies that E(mn) < 8π. Passing to a subsequence we may assume mn → m
in L2 and weakly in H1 as n → ∞ for some m ∈ H1(S2; S2) such that E(m) ≤
lim infn→∞E(mn) = E∗ and S(m) = limn→∞ S(mn). It remains to verify that Q
and J behave continuously, which is true provided ω(mn) ⇀ ω(m) appropriately
as n → ∞. If not, then, by virtue of [6] Theorem E.1 and [19] Lemma 4.3, there
exist finitely many points x1 . . . xN ∈ R
2 ∪ {∞} and q1, . . . , qN ∈ Z \ {0} satisfying
(23) E(m) + 4π
N∑
i=1
|qi| ≤ E∗ and Q(m) +
N∑
i=1
qi = 0
such that for a subsequence n→∞
ω(mn)⇀ ω(m) + 4π
N∑
i=1
qiδxi
weakly in the sense of measures on the compactified space R2 ∪{∞}. Alternatively
one may use a second orientation preserving stereographic chart. But as E∗ < 8π
we must have N = 1 and q1 = ±1. Hence Q(m) = ±1 and E(m) ≥ 4π by the
classical topological lower bound [1], contradicting (23). Smoothness follows from
well-established methods from the regularity theory of harmonic maps from sur-
faces, see e.g. [22].
The same line of arguments also displays the skyrmionic character of such field
configurations in the regime of large κ in terms of a compactness result: for κ→∞
and mκ ∈ H
1(S2; S2) with Q(mκ) = 0 and Eκ(mκ) < 8π we have subconvergence
mκ → ±ν in measure and ω(mκ) ⇀ ω(m)∓ 4πδx0 .
weakly in the sense of measures for some y0 = Φ(x0) ∈ S
2.
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